A qualitative property of the Riemann zeta function is proved by using a few assumptions.
Let ζ(s) and Γ(s) be the Riemann zeta function and the gamma function, respectively. The Riemann's functional equation for the Riemann zeta function with s = 1 2 + a + it is ζ( 1 2 + a + it) = B(a, t)ζ(
where B(a, t) = 2(2π)
We take the absolute value of each side of (1), and write it as
where
Note that as ζ(s) is analytic for all s ∈ A = C \ {1} [2, pp. 438], it is also holomorphic on A. Hence W (a) is a bounded, nonnegative continuous function of a (with any fixed t > 0). In addition, W (a) is not identically zero for any fixed positive real t. This follows from the fact that the number of zeros of ζ(s) in the critical strip with 0 < t < T is asymptotic to
as T → ∞ [1, pp. 293], and that all the other zeros are the so-called trivial zeros. This implies that the global maximum W (U ) of W (a) over (−C, C), where C is any number in (0, ∞)), is positive for any fixed positive real t.
For the rest of the article, we assume the following statement:
and |B(a, t)| > 1 (−C < a < 0, t ≥ 8) .
Under these assumptions and facts, the following theorem is easily obtained. Proof. Suppose that W (U ) exists over (0, C). But then (2) and (3) give a contradiction; in this case, we must have the strict inequality
A similar argument for the other case gives another contradictory inequality
This completes the proof of the theorem.
Of course, the above argument is meaningful only if our assumptions are at least seemingly valid. The reader may want to calculate |B(a, t)|.
If it is assumed that W (a) → ∞ as a− > −∞ for any fixed t ≥ 8, then Theorem 1 implies that the global maximum can not occur at a = 0.
Furthermore, Theorem 1 implies that a = 0 is the only value for which W (a) = 0, because the existence of b j implies that of a W (b j + δ) = ǫ > 0, where ǫ can be taken as small as one wishes; W (b j + δ) can be the global minimum over B, which is a contradiction to Theorem 1.
Hence, the Riemann hypothesis is solved if the following two statements are proved:
